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4 Calculation of Emitted Spectrum
4.1 Introduction

Radiation from nebular: depends on 1. Abundance
2. Temperature
3. Ionization
4. Density…

Emission line from gas nebular 

൞
𝑪𝒐𝒍𝒍𝒊𝒔𝒊𝒐𝒏𝒂𝒍𝒍𝒚 𝒆𝒙𝒄𝒊𝒕𝒆𝒅 𝒍𝒊𝒏𝒆 ቊ

𝑭𝒐𝒓𝒃𝒊𝒅𝒅𝒆𝒏 𝒍𝒊𝒏𝒆(𝑶𝒑𝒕, 𝑰𝑹)
𝑷𝒆𝒓𝒎𝒊𝒕𝒕𝒆𝒅 𝒍𝒊𝒏𝒆(𝑼𝑽)

𝑹𝒆𝒄𝒐𝒎𝒃𝒊𝒏𝒂𝒕𝒊𝒐𝒏 𝒍𝒊𝒏𝒆(𝑯𝑰, 𝑯𝒆𝑰, 𝑯𝒆𝑰𝑰)

Strength of emission line: possible to be calculated from
①Cooling rate, ②thermal equilibrium

⇐Radiative transitions are 
forbidden by the parity 
selection rule



4.2 Optical Recombination Lines
HI recombination line: emitted by H atoms
(capture electron into excited level
⇒downward radiative transition)

Very low density(Case A):
Consider only captures and downward radiative transition
⇒equation of statistical equilibrium(level nL):

Population in the level nL(thermodynamic equilibrium):
Saha equation

+
Boltzman equation



(4.1)+(4.6)⇒(4.7)
(𝒃𝒏𝑳:dimensionless factors, 
𝒃𝒏𝑳 = 𝟏 in thermodynamic 
equilibrium)

Population in the level nL(general)

𝒃𝒏𝑳(𝒏 > 𝒏𝒌) are known⇒All 𝒃𝒏𝑳 can be derived with (4.7)
(each equation contain a single unknown 𝒃𝒏𝑳)



Cascade matrix 𝑪(𝒏𝑳, 𝒏ᇱ𝑳′):
The probability that population of nL is followed by a transition 
to n'L' via ALL possible cascade routes
Probability matrix P(nL, n’L’):
The probability that population of nL is followed by a transition 
to n’L’ by a DIRECT RADIATIVE TRANSITION

C(nL n’L’) is convenient tp express the solutions of (4.1):



Derive 𝑪𝒏𝑳,𝒏ᇲ𝑳ᇲ, 𝜶𝒏ᇲ𝑳ᇲ
 and extrapolate these series as 𝒏 → ∞

⇒Find 𝒏𝒏𝑳 with (4.11)
⇒Calculate emission coefficient 𝒋𝒏𝒏ᇱ

Observation for Case A nebular:
Optically thin, small amount of gas
⇒too faint, hard to be observed



Case B:Approximation for optical thick gas

Lyman-line 
photon

Scattered 
by gas

Lower series photon
(Balmer. Paschen)

Lyα or two-
continuum photon

Photon emitted in an 𝒏 𝑷 
𝟐 − 𝟏 𝑺 

𝟐 transition:
Absorbed immediately and raise another atom to n 𝑃 

ଶ level
⇒Terminal of equilibrium equation: n’’=1(Case A)⇒2(Case B)

𝑛ᇱᇱ = 2



Case A

Case B



Hydrogen-like ion(like HeII)
Z: nuclear charge
Transition probabilities: proportional to 𝒁𝟒

Recombination coefficient: 𝜶𝒏𝑳 𝒁, 𝑻 = 𝒁𝜶𝒏𝑳(𝟏, 𝑻 𝒁𝟐⁄ )
⇒Possible to derive emission coefficient:

𝒋𝒏𝒏ᇲ 𝒁, 𝑻 = 𝒁𝟑𝒋𝒏𝒏ᇲ(𝟏, 𝑻 𝒁𝟐⁄ )



Effect of collisional transition 

1. nL→n(L±1) transition (Largest collisional cross sections)
Collisions with protons is more effective for  angular 
momentum changing transitions

①HI, HeII recombination line

Equilibrium equations(include collisional transitions):

※In 𝐻𝑒ାା zone, both Hା and 𝐻𝑒ାା must be considered



2. nL→(n±1)(L+x) transition (2nd largest collisional cross sections)
• x=±1 transition is the strongest
• It can be included in equilibrium equations by a 

straightforward generalization
We can consider all collisions by the same approach: 

• More independent 
to 𝒏𝒆

• Enable the H-line 
emission coeficient



②HeI recombination line
All transition probabilities between singlet and triplet are small
⇒Possible to be treated them as separate systems

1. Triplet
Transitions to 𝟏 𝑺 

𝟏 level do not occur
⇒Follow Case B

2. Singlet
Case B is ordinally a better approximation

HeI 1 𝑺 
𝟏 − 𝒏 𝑷 

𝟏  line photons can photoionize 𝐻

⇒Destroyed before they are converted into lower-energy photons




