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ABSTRACT

Spectra have been computed for a large number of spherical model circumstellar dust shells,
utilizing realistic grain opacities and assuming steady-state radiative equilibrium around cool stars.
Results are shown graphically and the important model parameters evaluated for a wide range of
shell optical depths, shell radii, and mass-distribution functions for both silicate and graphite dust
grains.

For shells containing silicate grains alone, the 10 p feature can appear in absorption only when
there is considerable optical depth at 10 n in grains colder than ~250 K. This condition can be
relaxed somewhat when other warmer grain species coexist.

A clear-cut distinction exists between models involving “dirty” silicates which effectively
absorb at short wavelengths and models involving “clean” silicates mixed with other, more
absorptive grains. In the latter case, one must compute a separate energy balance for each grain
species, the silicate species generally being much the colder. Results indicate that circumstellar
silicate grains probably have greater absorptivities for 1 & < A < 5 u than terrestrial silicates so

far indicate.

Subject headings: infrared: sources — stars: circumstellar shells — stars: late-type

I. INTRODUCTION

The existence of dust grains within the close environ-
ment of many late-type stars has been firmly estab-
lished by extensive observations [see, e.g., Woolf
(1973) and Neugebauer, Becklin, and Hyland (1971)
for recent reviews]. The presence of such extensive
circumstellar dust shells constitutes one of the salient
and potentially most informative manifestations of
interstellar matter in the condensed state. Frequently
thermal dust emission accounts for most of the
radiation escaping a star to distant observers, and
indeed in many cases the emergent flux has been so
altered by passage through the dust shell that the
identity of the central radiation source becomes
conjectural.

Until recently the complex requirements of all but
the simplest models deterred physically realistic
treatments of radiation transfer through dense
circumstellar dust envelopes. In the past few years,
several authors have computed reasonably detailed
circumstellar dust-shell models with emphasis placed
on spectral fitting of a few individual stars (e.g.,
Herbig 1970; Apruzese 1974, 1975; Taam and
Schwartz 1976). Considering the wealth of detailed
observational data available on many stars, one
may expect to obtain a greater understanding of the
general phenomenon by modeling the characteristics

* Operated by Associated Universities, ‘Inc‘, under contract
with the National Science Foundation.

common to a wide range of objects rather than
fitting a small and possibly unique subset. This paper
summarizes the results of approximately 200 detailed
circumstellar dust-shell model calculations in which
many of the important physical effects have been
accounted for. We emphasize utilization of the
observed range of features common to many stellar
spectra as a guide to the relevant extent of the model
parameter space but make no serious attempt to
explain the spectrum of any one specific object.
Instead, the paper examines the influence of various
model parameters such as shell radius, distribution of
material within the shell, optical depth, and grain
opacity as well as the influence of scattering and
mixtures of distinct grain species. Some of these
effects have also been studied in an independent,
parallel investigation by Apruzese (1976).

II. THE OBSERVATIONAL PICTURE

Middle-infrared observations of cool stars of
known spectral type indicate that the dominant
opacity in the circumstellar dust differs for oxygen-
rich (M stars) and carbon-rich (C stars) stars (Hack-
well 1972; Treffers and Cohen 1974; Forrest, Gillett,
and Stein 1975). The strong 10 x and 20 n signature
characteristic of silicate dust grains appears in M stars,
whereas, apart from a resonance feature of silicon
carbide (SiC) near 12 p (which generally contains
relatively little energy flux), the infrared continuum
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Fic. 1.—Infrared spectra of oxygen-rich (left) and carbon-rich (right) stars illustrating range of spectral behavior typically
observed. Broad bandpass data (dots) and narrow bandpass data (pluses) are from literature as described in text. Sources shown are
identified as follows: (1) o Cet, (2) IRC+10322, (3) NML Tau = IRC+ 10050, (4) WX Ser = IRC+20281, (5) IRC+40004, (6)
NML Cyg = IRC+40448, (7) CRL 490, (8) CRL 2591, (9) CRL 2205, (10) UU Aur, (11) R Lep, (12) IRC+40485, (13) IRC+
50096, (14) IRC +40540, (15) IRC+10216, and (16) CRL 865. IRC = Two-Micron Sky Survey of Neugebauer and Leighton (1969);
CRL = AFCRL Infrared Sky Survey of Walker and Price (1975).
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of C stars is generally featureless and presumed due to
graphite.

Figure 1 summarizes the observational picture
relevant to this study. The emergent infrared spectra
of a number of sources have been selected and arran-
ged to represent a wide range of optical depths in the
circumstellar dust shells. Most of the broad bandpass
data (dots) between 1.65 u and 12.5 n as well as all
of the narrow bandpass data at 8 4, 10, and 13 p
(pluses) are from Merrill (1976), Merrill and Stein
(1976), and Forrest, Gillett, and Stein (1975). Other
data are taken from Dyck, Lockwood, and Capps
(1974); Dyck and Simon (1975); Frogel and Hyland
(1972); Hagen, Simon, and Dyck (1975); Humphreys,
Strecker, and Ney (1972); Hyland et al. (1972);
Johnson et al. (1966); Lockwood (1970); Low,
Rieke, and Armstrong (1973); Morrison and Simon
(1973); Simon (1974); Simon and Dyck (1975);
Simon, Morrison, and Cruikshank (1972); and
Strecker and Ney (1974a, b).

Note that, for the oxygen-rich stars (Fig. 1, left),
there is a trend from net emission (spectra 2-5) to net
absorption (spectra 6-9) in the 10 p silicate feature,
whereas, even in the extreme cases CRL 2591 (curve 8)
and CRL 2205 (curve 9), evidence of the 20 u silicate
feature remains weak despite deep absorption at 10 w.

For the carbon-rich stars (Fig. 1, right), the pre-
sumed increase of optical depth from spectrum 11 to
spectrum 16 results in a gradual increase in the wave-
length of peak emission, accompanied by a narrowing
of the emergent spectral energy distribution.

Representative central stars with a minimum of
obscuring dust (o Cet and UU Aur) are also shown
at the bottom of Figure 1.

III. PROCEDURES
a) Solution of the Transfer Equation

The steady-state equation of transfer in spherical
geometry was solved numerically using an approxi-
mation which consisted in separating the radiation
field in each of 17 contiguous wavelength bands (see
Table 1) into two components. One component
included radiation received directly at a given radius
from the central star (the “stellar” field); its intensity
was attenuated by a factor exp [— 7,(r)]. The second
(“diffuse”) component, including radiation scattered
from the stellar field or produced by thermal emission
within the shell was treated in the Eddington approxi-
mation; viz., its angular dependence was expanded in
Legendre polynomials, only the isotropic and linear
terms being kept. The derivation of this and higher-
order approximations as well as a discussion of
analytic solutions are given in the Appendix.

The procedure above improves upon the standard
Eddington approximation in such problems (e.g.,
Apruzese 1974), since it accounts for variable radiation
field anisotropy due to the presence of the central
star. Since it cannot account for the anisotropy at
outer shell radii due to the finite and nonuniform
extent of the shell itself (see, e.g., Hummer and Rybicki

1971; Leung 1975), some inaccuracies remain.
However, after these computations were completed,
we obtained a copy of a code written by C. M. Leung
(Leung 1976) which treats the radiative transfer
without approximation. We have rerun several of our
models using this code and have found the agreement
to be quite good. Even in shells with strong central
density concentrations, where one expects our
approximations to show most noticeably, the emergent
fluxes agreed to better than 5-10 percent when
A = 2 p. In uniform shells the agreement was at least
this good everywhere, even in shells of rather large
optical depth.

b) Radiative Equilibrium

The equilibrium temperature of a dust-grain
species j at a radius r was determined from radiative
energy balance:

17 17
S Owd [ BTN =S Qab;fj TP,
i=1 i=1 AN

M

where B, is the Planck function, Q.. is the absorp-
tion efficiency in band i, and the mean intensity,
J,, includes both the stellar and diffuse fields and is
averaged over 4 sr. To improve computing efficiency,
the left side of equation (1) was externally fitted piece-
wise by power laws to better than 1 percent accuracy.

The equilibrium temperature distribution within a
shell was found iteratively, beginning with solutions to
equation (1) neglecting thermal shell emission. For
all but a few models of very large optical depth,
temperature convergence to 0.5 percent or better
between iterations sufficed to assure conservation of
total flux to better than 5 percent and usually better
than 1-2 percent, comparable with inherent integra-
tion errors in equation (1). Typical model computa-
tions required 1-2 min CPU time on the NRAO IBM
360/65.

AN

¢) Selection of Grain Parameters

As noted in § II, oxygen-rich stars and carbon-rich
stars produce distinctly different infrared spectra due
to the different optical properties of the dust grains
surrounding them.

Graphite grains were chosen in our model computa-
tions to represent the dominant source of opacity in
shells surrounding carbon-rich stars. Although SiC
grains seem to be present, they should have little
distinctive influence outside the narrow ~12p
resonance and can safely be neglected for calculations
at the present level of sophistication. Graphite opaci-
ties between 0.3 x and 30 u were calculated using Mie
theory for spherical grains of radius a = 0.05p (a
typically quoted value; see, e.g., Salpeter 1974a)
and optical constants from Taft and Philipp (1965)
for monocrystalline graphite with the electric vector
in the basal plane. For A > 30 u, Q oc A~2, appropriate
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to small particles, was assumed (Andriesse 1974;
Aannestad 1975). Assumed optical properties of
graphite are listed in Table 1. ‘

Shells surrounding M stars apparently consist in
part of silicate grains. Since the observed characteris-
tics of the 10 u and 20 p features are rather smooth
and similar from source to source (see, e.g., Treffers
and Cohen 1973; Forrest, Gillett, and Stein 1975) in
comparison with results expected from laboratory-
measured optical constants (see, €.g., Aannestad 1975),
we have followed Gillett, Forrest, et al. (1975) in
modeling the two features after the observed 10 p
emission profile of the Trapezium region of Orion
(corrected for an assumed 250 K temperature).

Model silicate grains were assumed to have radii
a=0.1p (see, e.g., Salpeter 1974a). The feature
peaking at 9.7 u was normalized to give the same
integrated band strength as features in representative
terrestrial silicates (Pollack, Toon, and Khare 1973).
The other band was assumed to peak at 22 p and to
have the same shape, but 0.7 of the integrated strength,
of the 9.7 pband.! For A > 50 u;a QocA~2 dependence
was assumed.

Short of 8 u two distinctly different model silicate
opacities were investigated. The first material was
assumed to have the optical constants of basaltic
rock (Pollack, Toon, and Khare 1973). The resulting
optical properties are given in Table 1. These grains
produce relatively little absorption in the 1-5 u range,
where for our models most of the stellar flux emerges
(hence we will refer to them as “clean” silicates). In
model calculations such grains remain rather cold
even relatively near the central star; hence very large
10 » optical depths (>>1) are required before a signi-
ficant fraction of the stellar energy flux is reradiated
by the silicate dust. This conflicts strongly with the
appearance of actual spectra such as those of Figure
1 (left).

Consequently, we have calculated models using a
“dirty” silicate with an index of refraction for A <
8 1 assumed to be m = 1.55 — 0.1i, roughly consis-
tent with values reported for the matrix material
meteoric rock (Dorschner 1968, 19716). Such dirty
grains could result, for example, from surface or
lattice contamination. The optical properties of these
grains are also given in Table 1. Model spectra com-
puted using these grains were in significantly better
agreement with observation, and these opacities
incidentally produced good agreement with the
observed infrared extinction in front of the star
VI Cyg #12 (Gillett, Jones, et al. 1975).

As an alternative to dirty silicate grains, we con-
sidered mixtures of the clean silicate grains and
graphite grains (taken to represent behavior of
various metallicgrains). As we will discuss in some detail
later, even when the net opacities of such mixtures

1 These choices are roughly consistent with values found
for carbonaceous chondrites (Zaikowski and Knacke 1975)
and lunar rock (Knacke and Thomson 1973). Although the
relative strength and position of the 20 1 band are important
in matching models to observations, the basic character of the
present models is insensitive to such details.
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match the opacities of the dirty silicates, the resulting
models are significantly different.

d) Stellar and Shell Parameters

Within the assumption of spherical symmetry, we
show in the Appendix that solutions of the transfer-
radiative equilibrium equations require specification
of only a small number of rather general characteristics
of the star and surrounding shell. For example, one
need not specify independently the stellar luminosity
L, and shell outer radius R, but solutions can be
uniquely determined, even for optically thick shells,
by the fluxlike parameter § = Ly/R? = 4noT,*(r«/R)?,
where r, is the stellar radius. (As mentioned below,
one must, of course, further specify the ratio of shell
inner and outer radii.) This parameterization is
particularly useful, since observationally one measures
flux and angular size. A measured angular scale
0 can be related to a normalized shell-model radius
p = r/R through the relation p = O[§/(4nF)}*?,
where F is the observed wavelength-integrated flux;
thus model and source can be compared without
knowledge of source distance or luminosity. We have
considered a wide range of the parameter §.

Additionally, one must assume a shape for the
stellar continuum. We have for all the models discussed
here taken this shape to be that of a 2400 K blackbody,
since many isolated compact infrared sources appear
otherwise to be normal cool stars (Merrill 1976;
Merrill and Stein 1976; Strecker and Ney 19744,
1974b; Dyck, Lockwood, and Capps 1974; Lockwood
1974; Vogt 1973), and this temperature is consistent
with the spectra of o Ceti and UU Aur shown in
Figure 1. With T, equal to the same (color) tempera-
ture, the ratio r4/R then becomes fixed by the param-
eter &. Scaling results to different stellar temperatures
is not simple but physically is much the same. as
altering the opacity wavelength dependence, which is
briefly discussed in § IVd.

To solve the transfer equation, one must specify
p; = ri/R, where r; is the inner radius of the dust shell.
Since the dust grains in these circumstellar shells
probably condense in the stellar atmosphere, it would
be most realistic to limit the inner shell radius accord-
ing to the temperature at which a given grain species
condenses. Since this radius depends upon the solu-
tion itself and somewhat upon the other variable
model parameters, we have chosen the comparable
but simpler procedure of fixing the ratio r/ry =
pi/(dmoT,2F) Y2 at values rifry ~ 4 for dirty silicates
and r/ry = 1.6 for graphite and clean silicates,
assuring for all models that the silicate (graphite)
temperatures not exceed their likely condensation
temperature ~1200 K (~1700 K) (Gilman 1969;
Salpeter 1974a).

Finally, one must specify at each radius the function
[d=x(p)]/(dp) along with the effective scattering albedo
and scattering pattern (represented to lowest order
by g, the phase parameter) at each wavelength. [As
indicated earlier, one must also specify Q.,s(A) for
each grain species, in order to solve the equation of
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FIG. 2a-d.—Model emergent spectra (star plus shell) calculated for *“dirty” silicate shells. Dotted curve is spectrum of underlying
2400 K star. Spectra have arbitrary relative vertical placements, but each contains a horizontal bar at AF, = 5 x 10%7 ergss~*
(here —F, represents flux integrated over shell surface, and total luminosity is assumed to be Ly = 3.25 x 10%L). Any two spectra
may be compared in detail using a pair of dividers and this reference. Dashed curves represent spectra for shells of radius R =
6 x 10'5 cm (R/rs = 80), while solid curves represent results for shell radii 5 times larger. Each curve is labeled by index a« of
assumed grain density distribution function (n «c r~%).
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radiative equilibrium.] In most models we have
assumed a form

d
ifocp-“ (<p<l), ()

with the subsidiary information (e.g., albedo) deter-
mined by weighted optical properties of the grain
species present. Values of « near 2 are of special
interest, since steady radiation-pressure-driven flows
in optically thin shells approach this form (Gilman
1972; Salpeter 1974b; Kwok 1975).

IV. RESULTS

Although it was emphasized in the previous section
that one need not specify the luminosity of a model
star to compare the model with observation, it is
somewhat simpler to understand the effects of various
physical parameters if one discusses them for a single
model star. We shall therefore discuss our results in
terms of a late-type supergiant star with luminosity
Ly = 3.25 x 10* Lo(Mypy = —6.5). Figures 2a-2h il-
lustrate the range of behavior found for model dirty
silicate and graphite emergent (total) spectra. Spectral
information beyond 40 p has been omitted, since for
the cases considered such fluxes were always relatively
small and qualitatively easy to predict from the other
data. Because of the sensitivity of the emergent
optical fluxes to uncertainties in opacity, albedo, and
geometry, we have also omitted the 0.45 u fluxes as
well as those at somewhat longer wavelengths when
they are small. Because the 10 p silicate feature is of
prime interest, we have referenced the optical depth to
this wavelength, but values at any wavelength can be
found using Table 1. Emphasizing again that our aim
has not been to fit individual source spectra, we note
in comparing Figures 1 and 2 that most of the obser-
ved spectra in Figure 1 resemble in some measure one
or more of the model spectra in Figure 2 (or what one
can infer to result from parameter interpolation).

We follow with summaries of the influence of
important shell and grain parameters on emergent
model spectra:

a) Outer Shell Radius

The shell radius R (or equivalently the parameter
&) is perhaps the simplest parameter to understand,
since grain temperatures are largely determined by
the degree of radiation dilution. The grain tempera-
tures in turn determine emission at a given wavelength
and, in narrow features, a grain’s effectiveness in
absorption against warmer interior dust. Figure 2
shows, over a range of optical depths and distribu-
tions of shell material, the emergent spectra for R =
6 x 10 cm (R/ry = 80, F = 3.6 x 10%ergscm~2s71).
Also shown for silicate shells are R = 3 x 10*® cm
(Rjry = 400, F = 1.4 x 10°ergscm~2s~1) and, for
graphite shells, R = 2.4 x 10*® cm (R/ry = 320,F =
2.3 x 10%ergscm=2s71),

Vol. 209

b) Distribution of Grains

Since the grain distribution [eq. (2)] may be weigh-
ted toward the inside or outside of the shell, «[eq. (2)]
in part plays the same role as R. Figure 2 illustrates
for each of several optical depths and shell radii the
spectral dependence on «.

No results for « < 0 have been plotted; to a first
approximation, such spectra resemble those with
« = 0, because mass and optical depth are concen-
trated in roughly the same (outer) portions of the
shell (see also Apruzese 1976).

The increased fraction of shell material at small
radii for « > 0 models results in a higher character-
istic grain temperature and a shorter wavelength of
peak emission. When the optical depth in the 10 u
and 20 p silicate features is large, the same effect
reduces the apparent absorption depth of the 10 u
feature. Note that, when « = 2, the spectra are
insensitive to R(F); ri/r4 is then the more important
parameter.

The apparent size of a source will generally be much
smaller than R, particularly when o > 0. Although
our standard transfer procedure does not allow
determination of the emergent angular distribution
of radiation, we have calculated the emergent infrared
intensity distribution for a few models, using a ray-
tracing technique and grain temperatures borrowed
from our standard solutions. Generally, most of the
emergent spectral flux at a given wavelength A appears
to originate well inside the radius at which the grain
temperature equals the Wien’s displacement law
temperature T, &~ 3000/A(x). Figure 3 illustrates the
radial temperature dependence over a range of o
and optical depth for several dirty silicate and graph-
ite shell models.

l L T T T 7T IIII T T T T TTTT
L DIRTY SILICATE 103
C T]olu=6.o ]
T Toasu™ 78 .
\\\\ T
T
0% ]
[ GRAPHITE - T
[ Ty0,=0.25
i To.4?#=76 |
0.01 01 1.0

r/R

FiGc. 3.—Temperature distribution in several model dirty
silicate and graphite shells. Shell radius in each case is R =
2.4 x 10 cm. Dashed curves show temperatures in limit of
zero optical depth. Other two curves for each grain species
show temperature distribution for model optical depth shown
and for uniform dust density (circles) and r~2 density depen-
dence (triangles).
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¢) Optical Depth

i) Effect on Grain Temperatures

Both the absorption and scattering optical depths
as well as their distribution in radius play important
roles in the determination of shell temperature
structure.

When scattering optical depths at short wavelengths
are large, photon transport at these wavelengths is
diffusive. Especially at small radii and when « > 0,
the resulting reduction in photon escape rates enhances
their density and increases grain heating. When
absorption optical depths are large at wavelengths
as long as a few microns, total energy transport is
diffusive at small radii, with similar results. This
tendency for hotter grains at small radii when « > 0
can be seen in Figure 3.

In the outer portions of thick shells, grains are
heated primarily by radiation from other grains rather
than the more highly obscured star, and, since this
radiation peaks at longer wavelengths where the
grains absorb relatively poorly (except in the 10
and 20 u silicate bands) the grains tend to be cooler
than in thin shells (see Fig. 3).

ii) Obscuration of the Inner Shell

Shell optical depth, its radial distribution, and the
opacity wavelength dependence control those portions
of the shell “seen” by the outside observer, thereby
influencing the shape of the emergent spectrum.

Since such effects are simpler for monotonic
opacity, we discuss the results first for graphite.
Details of the 10 and 20 u silicate features are
discussed below. In shells which are optically thick
at near-infrared wavelengths, a larger portion of the
inner cloud is obscured at shorter wavelengths. To a
certain extent, the peak wavelength of the emergent
spectrum in optically thick shells is influenced by this
effect. The result is simplest for « = 2, when the
Wien’s displacement law temperature of the spectral
peak generally corresponds to the grain temperature
roughly unit optical depth into the shell at the peak
wavelength. Thus, with increasing optical depth, the
peak wavelength increases, because only the cooler
dust (radiating at longer wavelengths as well as farther
out) is visible from the outside. This effect is accen-
tuated by the influence of optical depth on grain
temperatures but would clearly occur anyway.
Similarly, the increasing opacity toward shorter
wavelengths results in a spectral shape at wavelengths
less than the peak, generally steeper than a single
blackbody. Further, a flattening (steepening) in the
wavelength dependence of the opacity would tend to
make the spectrum broader (narrower) because of
changes in the observable temperature range.

It may be worth noting that the wavelength peak
and the width of spectra for models with « = 2 are
quite sensitive to changes in r;/ry or to deviations
from the power-law form. Thus really meaningful
models of this sort will require detailed dynamical
models for the shells as well. For example, our pre-
liminary attempts at extending radiation-pressure-
driven mass-loss models to optically thick shells
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suggest that the mass-loss rates will be significantly
reduced and that the grain distribution will be flat-
tened at small shell radii from the n ~ r~2 optically
thin solutions (Kwok 1975).

iii) Spectral Shape at Optically Thin Wavelengths

When o < 2 and especially when R is large, there
appears a “knee” in the spectrum at optically thin
wavelengths beyond the peak described above (see
Figs. 2e-2h). The Wien’s displacement law tempera-
tures of this knee correspond roughly to grains at
1-1 the shell radius depending upon « but being almost
independent of optical depth.

Similarly, the color temperature of the 10 x and
20 p silicate features, when corrected for their different
emission strengths, generally corresponds (as long
as 70, < 1) to grain temperatures at radii from
rlr; ~ 6(c = 2) to */R ~ 0.4(c = 0). As the near-
infrared optical depth becomes larger, the long
wavelength knee (and for silicates the 10 p and 20 u
features) develops into the dominant spectral peak.

iv) The Silicate Features: Emission or Absorption

When the optical depth of silicate dust shells
becomes large at 10 p, this feature may appear in
absorption. Since this occurs both in model and real
spectra and since the appearance of this feature is
frequently used to estimate shell optical depth, the
transition from emission to absorption is important
to understand. In principle, the 20 x feature may
also be in absorption, but limited data available to
date do not unambiguously show this.

In spherically symmetric shells containing silicate
grains only, a large optical depth (>1) at 10 p in dust
colder than T, ~ 250 K is ordinarily required to produce
the 10 u feature significantly in absorption. This may
be seen by the following simple argument:

If, upon integrating inward at wavelength A, the
shell becomes opaque at radius ro, then in the first
approximation the emergent flux is AF, oc ro2AB),
[T(ro)]. If T(ry) > T,, with T, the Wien’s displace-
ment law temperature, AB, ~ T/A3. Assuming for
simplicity T oc r,~1/2, then AF, ~ T~3. Consequently,
since T is smallest at the band center (r, is largest), the
feature should appear in emission. Conversely, if
T(ro) < Ty, AF,oCro2A™% exp [(—ho)/(AT)] ~ T-*
exp (=5T,/T). Since, in the designated range, this
form gives (dAF,)/(dT) > 0, the feature should appear
in absorption. Our detailed calculations confirm that
only the opacity in dust with T' < T, is capable of
producing the 10 p feature in absorption. A similar
analysisapplies to the 20 1 feature, for which 7o, ~ 125 K.
Thus, when the 10 p feature appears in absorption, the
emergent spectral form in the 20 p feature (i.e., emis-
sion vs. absorption) depends on the relative intrinsic
strengths of the two features and the fraction of total
optical depth at large radii.

If another species of hotter grains coexists with the
silicates [see § IVd], more detailed considerations are
necessary, but generally the silicate features can
appear in absorption for somewhat smaller optical
depths and higher temperatures (see Fig. 4b).
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Fic. 4a.—Comparison of temperature distributions in
models using dirty silicates (dashed curve) and a 40/60 by
number clean silicate/graphite grain mixture having approxi-
mately the same net optical characteristics (with R = 3 x
10'* cm, « = 2, and 719,= 2.0). Clean silicate temperatures
are indicated by solid curve and graphite by dot-dashed curves.
Also shown (dots) (for same shell parameters) is temperature
f\listri;)ution for silicate component when Qgps = 0.01 for

<3Jdp.

1.0

- We note in passing that the possibility of an emis-
sion feature at 20 x in conjunction with an absorption
feature at 10 p in circumstellar spectra contrasts
sharply with the absorption features at both wave-
lengths expected for general interstellar extinction
(due to cold dust distributed along the line of sight).

v) Importance of Scattering to These Models

To evaluate the importance of scattering to the
model spectra, we computed several models in which
scattering was suppressed. The flux changes were
substantial at short wavelengths, partly due to drops as
large as 10 percent in the grain temperatures near the
star. But for A > 2 u, the emergent fluxes were never
changed by more than 10 percent from the corre-
sponding model with scattering included (largest
changes were in clean silicate models). This insensiti-
vity results from the small grains and cool stellar
source functions used in these calculations. Most of
the stellar flux occurs at wavelengths where scattering
is not a dominant effect. Scattering would play a more
significant role in models utilizing hotter stars and/or
larger grains.

We also computed several models in which the
anisotropy of grain scattering was ignored, with no
significant changes in the emergent spectral fluxes for
A > 1 p. Taam and Schwartz (1976) found this effect
to be much more important in their models of VY
CMa, primarily because they used rather large dust

grains (@ = 0.5 p) which scatter more effectively for
A=1p.

d) Grain Mixtures

As an alternative to dirty silicates and to study the
relative importance of individual grain and bulk
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F1G6. 4b.—Spectra resulting from the models described in
Fig. 4a. Long-dash curve represents spectrum in dirty silicate
model; solid curve is that for first grain mixture, short-dash
curve for second mixture.

opacities, we considered shells composed of a mixture
of clean silicate and graphite grains [see §ITId].
A mixture containing 40 percent by number of clean
silicate grains reproduced to a good approximation
the optical properties of the dirty silicates in Table 1.
Ih contrast to previous models involving grain
mixtures (e.g., Taam and Schwartz 1976), we computed
the radiative energy balance separately for each grain
species, allowing each to come to its own equilibrium
temperature. Figure 4a compares for one set of shell
parameters the temperature distribution of dirty
silicate grains with those of the clean silicate and
graphite grains in this mixture. ‘
Because the clean silicate grains are rather cold, they
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are usually poor emitters at 10 x and 20 = and tend,
instead, to absorb (especially at 10 x) against the
emission of the much hotter graphite grains (see
Fig. 4b). We were unable to find any model involving
the basaltic (clean) silicate-graphite mixtures capable
of producing 10 » and 20 p emission features like
those seen in Figure 1 (left). Largely, this is a conse-
quence of the poor absorption by silicates in the
1-5p range. To demonstrate this, we calculated
several identical grain-mixture models, except that
now the silicate absorption efficiency was set to the
value Q,ps = 0.01 for A < 5y, an increase of factors
between 2 and 5 over the basaltic values in this
range. The resulting silicate temperature distribution
for the comparable model is also shown in Figure 4a,
and the spectrum in Figure 4b. The silicate features
are in this model significantly stronger than for
basaltic silicates but still rather weak in comparison
with typical observed strengths.

It is clearly important, therefore, to establish in
shells containing silicates the short-wavelength
absorptivities of the silicate grains themselves, not
just the net absorptive opacity of all the grains present.
Furthermore, it is important to consider that different
species will come to different equilibrium temperatures.
Moreover, based on these results, we conclude that
circumstellar silicate grains are likely to be “dirtier”
than terrestrial silicate minerals seem to be and that
silicate grains themselves probably absorb directly a
1siigniﬁcant fraction of the energy taken from the stellar

ux.

V. CONCLUSIONS

Finally, we single out several of our more important
findings:

1) Spherical-model circumstellar dust shells com-
posed only of “clean,” i.e., poorly absorbing, silicate
grains with radii @ ~ 0.1 » do not produce spectra
like those observed. This is because the silicate grains
absorb little of the stellar energy unless they are very
opaque in the 10 and 20 u features (contrary to
observation).

2) The difficulty above remains when distinct,
more highly absorbing grains are mixed in, so we
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conclude that circumstellar silicate grains are at least
moderately good absorbers of visual and near-infrared
radiation. Shells made of “dirty” silicate grains seem
to be able to produce spectra similar to those actually
observed.

3) To calculate model spectra, it is insufficient,
when several grain species are present, to use only the
net optical characteristics of the mixture to calculate
the radiative equilibrium of the grains. One must
allow each grain species to reach its own equilibrium
temperature. The sensitivity of emergent spectra to.
individual rather than net opacity potentially provides
additional information about the grains not available
from general interstellar extinction in the infrared
(where only the net opacity can be inferred).

4) Spherical shells containing silicate grains alone
will show the 10 n feature in absorption only when
dust cooler than ~250 K is itself opaque. Thus the
total 10 p optical depth generally will significantly
exceed that implied directly by the measured absorp-
tion depth. The appearance at 10 u of an absorption
feature does not in itself imply one at 20 u. Shells
containing silicate grains mixed with metallic grains,
which tend to be hotter, are more prone to showing
the 10 x feature in absorption.

5) Computation of the angular distribution of the
emergent fluxes and computations with higher-
wavelength resolution, to match, for example, available
spectrophotometry in the silicate bands, should
allow a more quantitative description of the cir-
cumstellar dust envelopes of individual sources
(allowing determination, e.g., of individual shell
masses and mass-loss rates).

6) Since the emergent spectral information depends
rather strongly upon the assumed details of the shell
structure, dynamical calculations of shells (including,
e.g., the effects of optical depth on radiation pressure)
are needed for self-consistent solutions.

We gratefully acknowledge useful discussions with
C. M. Leung, B. T. Soifer, and W. A. Stein. This
work has been supported in part at the University
of California, San Diego, and the University of
Minnesota by the National Science Foundation.

APPENDIX

SOLUTION OF THE TRANSFER EQUATION

I. GENERAL PROCEDURE

In a spherically symmetric source containing dust and, for generality, gas, the equation for transfer of specific

intensity I,(6, r) takes the form

o, 1 — p2al,
b 7

EP —idy +

1 nl an , , ,
e f PAOL()dw'df A1)
-1J0

where p = cos 0, kn = Kpg + Ky, 1 the total opacity due to dust and gas, «, is the emissivity (assumed isotropic),
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@, is the dust albedo, and P,(y) is the scattering phase function (cf., e.g., Chandrasekhar 1960). Expanding the
phase function in Legendre polynomials, so that

P(y) = ,zo psP{(cos y),

and the intensity in the form

- ~ S 1 Lafy -2 —
Lp,r) = La+ Ly ® ,Z:OKM(")Pj(#) + o e (1 — ),

where the last term accounts approximately for the presence of a central star of specific luminosity L, f,, 7, being
the extinction optical depth from the star at radius r, then equation (A.1) becomes (cf. Dorschner 1971a)

ry 21 S pll g jt+1 ., 1 G+DG+D]_ . JG=1
%Kl+3rK1+,lej|[2j—1Kf-1+2j+3Kf“+7{Kf“[ 3+ 3 Ki-197 7 (A.2)

e e L,
= € — KJZOPjKj + deZOPjpf(zj_'_ lKj + 4_7747Tr2e ).

(For simplicity the functional dependences have been suppressed, and the primes indicate differentiation with
respect to r.)?

Utilizing the linear independence of Legendre polynomials and transforming to a new set of dimensionless
quantities, equation (A.2) can be written as the infinite set of equations

Sy = 3(P277 = pLoSo + :,—ﬂ CdS*) (A.3a)
I s =S,y — S, + S sz 1) (A.3b)
2 +3°r T f 7-1 = JPOj-1 797 4 PRxU= 1) .
T=0=0L+1{ (A.30)
with
p=r/R,
Sy = PHUKIT)
% = L*/R2 ’
S = fe7*[(4m) , (A.3d)
{ = kR,

Zj = Cg + $/Cd’

[ =1 9P,
¢ =1 2+ 1

n = ER/%3

and R = the outer source radius. Note that, for dust shells in radiative equilibrium around a central star, n =
[8oB(T))/F. Since the Planck function B depends itself upon 7 throughout the source, the equations of (A.3) are
nonlinear. But, by considering the iterative solution, initially setting » = 0, one can readily see that the final
solution depends upon L, and R only through the parameter &. [The solution, of course, depends further upon
boundary conditions such as eq. (A.5).]

In principle, one can solve equation (A.3) to arbitrary order j’ by neglecting terms withj > j’, provided the higher-
order terms are small. In practice, however, insufficient general boundary conditions exist to solve these equations
for j* > 1 without an iterative approach (as, e.g., in the technique of Leung 1975).

In what follows we treat only the first-order equations, which is equivalent to treating the diffuse field (/) in

2 The somewhat better approximation of the central star as a uniform disk of radius r4 would result in correction factors,
Cj, to the L, terms in eq. (A.2). E.g., Co = 1, C; = {1 + 1/[1 + (r*[r)?]"3}.
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the Eddlngton approximation. Then the diffuse intensity is K, ~ (1/p)So, the diffuse flux per unit area is [(4)/3]1K;
~ (1/p%) S;, and equations (A.3a) and (A.3b) become

,_ 1 3
So’ = 5 (So — &S+ 4_77ngaS*) (A.4a)
and
S, = 3(,027; — ploS, + 4% CdS*) , (A.4b)
where g = (3)p; is the scattering-phase parameter. In addition, we apply the boundary conditions
Silp=p)=0 (A.5a)
and
Silp =1) = PDSolp = 1), (A.5b)

where (A.5a) assumes the diffuse flux vanishes at the innermost radius, p;, and (A.5b) assumes no flux incident from
outside the source. Results described in this paper are based on numerical solutions to equations (A.3c) and (A.4)
obtained using a fourth-order Runge-Kutta routine and iteration on an initial guess for Sy(p,).

II. ANALYTIC SOLUTIONS

In some simple but interesting cases, one may also obtain analytic solutions to the equations of (A.4), or at least
reduce the solution to a problem of quadratures. Consider the opacities to be of the form { = {°p~" and institute
a change of variables to x = p'~". Then, combining the equations of (A.4), one obtains the single equation

1

50" = gy (3607 + 55) 50 = G | B B+ L, + Lopeenen | (A

For n = 0 or 2, the homogeneous solutions to equation (A.6) are the zero- and first-order Riccati-Bessel functions
of imaginary argument or, alternatively,
Son = Ae®* + Be™#* (n = 0);
Son = A[e?*[(Bx) — e™"*] + Ble™**/(Bx) + €] (n =2),

with B2 = 3(,°(,°. These homogeneous solutions correspond to the solutions obtained if one treats the entire
radiation field in the Eddington approximation (see Huang 1969).

As an illustration of the procedure for obtaining the full solution to equation (A.6), consider the n = 0 case.
The constants A and B are then replaced by

A(x) = — f " H)e"dz
and

B) = f " t2)erdz "
with
) = 28 (ZCI (@) + 16 16722 L%(gl° + & °)e“°z) .

From equation (A.4a), one obtains the flux solution

3gw

S, = (Z 5 xB)e”" + B(C = + xﬂ) Thr 4 2 708, . (A.8)

Then, using the boundary conditions (A.5), one finds in the frequently applicable limit x;8 « 1 (with x; = p,)
a6y = E5{[ovot, - v + 1 [ e - 1 e 17, - 1l
x4 x

i

B(x) = 3g“’ {[gdoglo(n D+ T f te=" _ T, f teﬁ=dz] / [T, — Tl]} (A.9)

i
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with

T1 — [1 _ (Ig + 3/2)Zlo]e<ﬂ+c°)’

T, = [1 + (B — 32500+

and

(A.10)

A() = A(x) — j o
x4

B(x) = B(x,) +J tefdz .

x

(A.11)

x4

When 7 has a power-law form, the quantities (A.11) may be expressed in terms of exponential integrals or otherwise
are easily found by quadratures. In the limit & — 0, the solution for y = const. reduces to the simple analytic form
given by Jones and Stein (1975). One may apply similar techniques to obtain the n = 2 solutions.
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